The purpose of this paper is to study the oscillation of a certain class of third-order neutral differential equations with continuously distributed delay. By using a generalized Riccati transformation and integral averaging technique, we establish some new sufficient conditions which ensure that every solution of this equation oscillates or converges to zero.
Introduction
In this paper, we are concerned with oscillatory behavior of third order neutral differential equation with continuously Throughout this paper, we will assume the following hypotheses:
(H 1 ) r(t) ∈ C 1 ([t 0 , ∞), (0, ∞)),  Define the function by
By a solution of (1.1), we mean a nontrivial function x(t) satisfying (1.1) which has the properties
[T x , ∞). Our attention is restricted to those solutions of (1.1) which satisfy sup{|x(t)| : t ≥ T } > 0 for all T ≥ T x . A solution x of Eq. (1.1) is said to be oscillatory on [T x , ∞) if it is neither eventually positive nor eventually negative. Otherwise it is called nonoscillatory. The equation itself is called oscillatory if all its solutions are oscillatory. In recent years, there has been much research activity concerning the oscillation theory and applications of differential equations; see [1] [2] [3] . Especially, the study content of oscillatory criteria of second order differential equations is very rich. In contrast, the study of oscillatory criteria of three order differential equations is relatively less, but most of them are about delay equation; there are few results dealing with the oscillation of the solutions of three-order neutral differential equations with continuously distributed delay in [4] [5] [6] [7] [8] [9] . In recent years, [10] considered the second order neutral delay differential equation with continuous distributed
and obtained oscillatory criteria of Philos-type of (1.3). Our aim in this paper is to give oscillatory criteria of Philos-type of (1.1). Our results improve the results established in [10] , but also supply the oscillatory theorems of three order delay differential equations in [4] [5] [6] [7] [8] [9] . 
Several lemmas
Then r(t)z ′′ (t) is a decreasing function and therefore eventually of one sign, so z ′′ (t) is either eventually positive or eventually negative on t ≥ t 1 ≥ t 0 . We assert that z
By integrating the last inequality from t 1 to t, we obtain
Let t → ∞. Then from (H 1 ), we have z ′ (t) → −∞, and therefore eventually z ′ (t) < 0. Since z ′′ (t) < 0 and z ′ (t) < 0, we have z(t) < 0, which contradicts our assumption z(t) > 0. Therefore, z(t) has only one of the two properties (I) and (II).
This completes the proof.
Lemma 2.2. Let x(t) be a positive solution of (1.1), correspondingly z(t) has the property (II). Assume that
Then lim t→∞ x(t) = 0. Proof. Let x(t) be a positive solution of (1.1). Since z(t) has the property (II), then there exists finite limit lim t→∞ z(t) = l. We assert that l = 0. Assume that l > 0, then we have l + ε > z(t) > l for all ε > 0. Choosing ε <
l(1−P) P
, we obtain
2)
Note that z(t) has the property (II) and (H 5 ), we have
where
Integrating inequality (2.3) from t 1 to t, we obtain r(t)z
Integrating inequality (2.4) from t to ∞, we have
Integrating the last inequality from t 1 to ∞, we obtain
Because (2.3) and the last inequality contradict (2.1), we have l = 0. And since 0 ≤ x(t) ≤ z(t), then lim t→∞ x(t) = 0. This completes the proof.
Lemma 2.3 ([11]). Let u(t)
> 0, u ′ (t) > 0, u ′′ (t) ≤ 0, t ≥ t 0 . Then for every content α ∈ (0, 1) there exists T α ≥ t 0 such that u(σ (t)) ≥ α σ (t) t u(t), t ≥ T α .
Lemma 2.4 ([12]). Let z(t)
> 0, z ′ (t) > 0, z ′′ (t) > 0, z ′′′ (t) ≤ 0, t ≥ T α . Then there exists β ∈ (0, 1) and T β ≥ T α such that z(t) ≥ βtz ′ (t), t ≥ T β .
Main results
In this section, we obtain new oscillatory criteria for (1.1) by using the generalized Riccati transformation and integral averaging technique of Philos-type [13] . Let
The following is the main results of this paper. 
where Proof. Assume that (1.1) has a nonoscillatory solution x. Without loss generality we may assume that
z(t) is defined as in (1.2). By Lemma 2.1, we have that z(t) has the property (I) or the property (II).
When z(t) has the property (I), we obtain
Using (H 5 ) and (H 6 ), we have
.
Using Lemma 2.4, we get
Combining with (3.8)-(3.10), we obtain
, t ≥ T β , (3.11) where Q (t) is defined as in (3.3). Let
we have for 
Proof.
We proceed as in the proof of Theorem 3.1. If z(t) has the property (I), we obtain (3.13). Hence
From (3.17), we have
Now define the function by
H(t, s)B(s)W
2 (s)ds,
From (3.18), we find lim inf t→∞ [U(t) + V (t)] < ∞.
The rest of the proof is similar to the proof of corresponding theorem in [8, 9] , and hence it is omitted. If z(t) has the property (II), we obtain lim t→∞ x(t) = 0 by Lemma 2.2. This completes the proof. 
